A model for quantitative analysis of microdisk laser emission spectra is presented. Conformal mapping is used to determine radial and azimuthal eigenvalues, eigenvectors, and cavity Q corresponding to leaky optical resonances in an optically transparent dielectric disk. The effects of gain and loss in a microcavity active medium are also included in the model. Our results compare well with experimental data obtained from an InGaAs/InGaAsP quantum well microdisk laser of radius Rϭ0.8 m.
INTRODUCTION
Recently, the possibility of developing semiconductor microlasers using optical resonances of a dielectric disk has been explored. Semiconductor microdisk 1, 2 and microcylinder 3 resonant cavities have been studied experimentally with measured lasing emission wavelength at ϭ1550 nm, 4 ϭ980 nm, 3 , and ϭ620 nm. 5 Fig . 1͑a͒ shows a scanning electron micrograph of a small, optically pumped microdisk laser. The disk has radius R, thickness L, and is supported by an InP post of rhombohedral cross-section. The multiquantum well active region is surrounded by air with typically 80% optical confinement normal to the plane of the disk. Position in the disk is specified by natural axial coordinate, z, radial coordinate, r, and azimuthal angle, . Fig. 1͑b͒ illustrates this coordinate system. With this symmetry optical resonances of an isolated disk are specified by radial quantum number N and azimuthal quantum number M . Fig ure 2 shows a scanning electron micrograph of a microdisk laser diode, illustrating the more complex geometry of an electrically driven device.
The purpose of this paper is to develop a model for the quasiconfined optical resonances of semiconductor microdisk lasers. First we describe an analytical model for radiative losses and cavity Q for high order M resonances in large disks. We then present the results of using conformal mapping to obtain exact solutions for small optically transparent disks for which low M values are important. The effects of optical gain and loss in the semiconductor medium are then introduced into the model and our results are compared with measured spectra of microdisk lasers.
RESONANCES OF AN IDEAL OPTICALLY TRANSPARENT DIELECTRIC DISK
The design and optimization of a semiconductor microdisk laser is critically dependent on the Q of optical resonances as well as the spectral and spatial overlap of these resonances with the active medium. Microdisk lasers typically consist of a quantum well active region that can exhibit optical gain at, for example, a wavelength ϭ1550 nm. For such devices disk radius is 0.5 mϽRϽ10 m and thickness is 0.05 mϽLϽ0.3 m. Because of high optical confinement due to the air-semiconductor interface, it is appropriate to solve the optical field ͑r,͒ in the 2-dimensional transverse direction for a medium with effective refractive index nϭn eff in the z direction. We begin our analysis by studying the optical field in an ideal optically transparent dielectric disk. 6 The fact that a semiconductor can also exhibit optical gain and loss at certain optical frequencies will be considered later.
For the case of an optically transparent dielectric we seek solutions to the Helmholtz equation. In this case, the optical field is separable in r and so that (r,) where kϭn eff /c and Z is, in general, a complex constant. Two polarizations may be studied for the TE ͑TM͒ resonance of the slab waveguide. This resonance undergoes a TM ͑TE͒ reflection at the disk's edge with the magnetic ͑electric͒ field in the ẑ direction H z (r,)"E z (r,)… with n eff ϭn eff TE͑TM͒ . One simplifying approach assumes that optical resonances may be approximated by ''whispering gallery modes'' ͑WGMs͒. WGMs are obtained via application of the boundary condition in ͑R,⌰͒ϭ0, where in is the optical field for rрR. In this situation 
This describes optical-ray propagation in the direction ͑clockwise or counterclockwise depending on the sign of M ͒ with 2M symmetrical mirror reflections with respect to the radial direction. For such a solution, the time average energy flux is given by SϰM and, consequently, no optical energy escapes the disk in the radial direction. A physically more reasonable solution is obtained by allowing complex eigenvalues, ZϭM ϩi␣R, as solutions to the Helmholtz equation. This results in having exponential decay for the component (⌬) ϭ e Ϫ2T (Z)⌬ with ⌬ propagation in the azimuthal direction and Bessel-type functions of ''complex order'' result in finite radial transmission. For large disks we consider the limit of high-order M and Nϭ1. In this limit ␣ approaches zero and a WGM model is a good approximation. For small disks, M is small since the resonance wavelengths can not be smaller than the active region emission wavelength in the material ͑x M N р2Rn eff /͒. In this situation ␣ is finite, there is a significant radial flux of energy, and physically meaningful solutions for depart considerably from the WGM picture.
For high-order M and Nϭ1 the WGM model is a good approximation and we assume resonant modes of a microdisk impinge at the disk's edge with an off-plane angle given by the confinement perpendicular to the disk's plane and a glancing angle (M ). The off-plane angle is assumed to be very small due to the high confinement of the optical mode in the disk's plane. However, we note that after leaving the disk's edge one might expect that the lack of confinement should result in off-plane emission with a diffraction angle dif Ϸ/L. According to the above discussion, WGMs follow a polygonal optical path of length L T with 2M sides. Therefore, the glancing angle (M ) and corresponding total optical path length are related to a WGM of
and L T (M ) ϭ(2M )2R sin͑/2M ͒, respectively. Higher-order modes have greater incidence angle approaching ϭ90°and L T ϭ2R as M approaches infinity. Snyder and Love 7 showed that for wavelengths much smaller than the radius of curvature optical transmission, T͑͒, at a curved interface is related to the polarization dependent Fresnel coefficient for planar interfaces, T F ͑͒, via T()ϭ͉T F ()͉C(), where C͑͒ is a polarization independent curvature coefficient. For large M , or equivalently incidence angle wider than the critical angle (M )ӷ c , T F ͑͒ϭ1 for both polarizations. The Appendix shows that for a WGM resonance the optical transmission approaches T M ϭ exp͓ Ϫ (2R eff /)(2/3)cos c 3 ͔.
Using the WGM boundary conditions we obtain T M ϭexp͓Ϫ(x M,1 )(2/3)cos c 3 ͔ and, therefore, transmission becomes only weakly dependent on the effective index through c ϭarcsin͑1/n eff ͒ and essentially independent of disk radius. Since x M ,1 increases monotonically with M , the transmission is smaller for higher order resonances. The energy associated with a resonance M is U M (t)ϭU 0 e i(2M Ϫ2t) . Given an azimuthal phase velocity vϭ/M the time, ⌬t, for a bounce occurring in ⌬ϭ2/2M is ⌬tϭ⌬/vϭ/. Hence, the typical optical feedback time ⌬tϳ2.5 fs is very short. The energy reduction with time for a lossless dielectric medium is then We should remark that for these large disks the cavity Q depends explicitly on polarization, disk geometry, and material through c . The critical angle c is a function of n eff that depends on polarization, disk thickness L, and material index of refraction. The dependence on disk radius is implicit since Eq. ͑5͒ is only valid for Rӷ/n eff and also M is limited by x M N р2Rn eff / as is constrained to values within the spontaneous emission line width. Figure 3͑a͒ shows cavity Q calculated as a function of disk thickness, L for a large disk with Rϭ5 m. The material refractive index is nϭ3.5 and no dispersion was considered. Results for modes TE with M ϭ50 and TM with M ϭ50 and M ϭ38 along with the corresponding calculated resonance wavelengths are plotted in Fig. 3͑a͒ . The shaded area in the plot represents a typical In 0.53 Ga 0.47 As active region emission wavelength. Thinner disks have smaller n eff and, consequently, larger critical angle resulting in lower Q for a given resonance M . For any mode, TE polarization has higher Q than TM polarization. This is accentuated for LϽL 0 where L 0 is a critical disk thickness below which a great reduction in n eff TM occurs. However, for high-order resonances and LуL 0 , Q is so high for both polarizations that polarization independent processes mask any polarization selectivity of the cavity. Figure  3͑b͒ shows results from experiments which measure polarization of light emitted from microdisk laser diodes with an In 0.53 Ga 0.47 As active region, Lϭ0.29 m and Rϭ5 m. From Fig. 3͑a͒ Lϭ0.29 m and Rϭ5 m, modes TE, M ϭ50 and TM, M ϭ38 have resonance wavelengths that best overlap with the active region emission. As expected these modes result in a peak in the spectra for both polarizations near ϭ1.56 m ͑dispersion must be considered for an exact peak position calculation͒. The fact that the TE mode has twice the intensity of the TM mode is believed to originate from the polarization dependence of the active region emission.
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CONFORMAL MAPPING
As mentioned previously, for small disks with higher losses and/or resonant wavelengths comparable to the disk radius the WGM approach to modeling is inappropriate. As a first step to a better model for microdisks we adapt a technique used by Heiblum and Harris to calculate loss in curved optical waveguides. 9 In their work, a conformal transformation uϩivϭ f (r,)ϭR ln[re i/R ] is applied to the twodimensioned Helmholtz equation. Recently, Chin et al. also applied this technique to calculate resonance wavelengths in microdisk lasers. Unfortunately, Chin et al. 10 assumed that the eigenvalue solutions to the Helmholtz equation are real. This is just the WGM approximation, which, as discussed previously, is not valid for the small disks of interest. In our present work we are mainly concerned with calculating the cavity losses and spectral position for optical resonances in small microdisk lasers. Using conformal mapping, the problem is transformed into an asymmetric slab waveguide in the v direction with a varying index of refraction profile n(u)ϭn eff e u/R for rрR and n(u)ϭe u/R for rϾR as illustrated in Fig propagation constant k v ϭM /R with M integer to guarantee a stationary solution in the direction and a propagation loss ␣. A stationary solution is one in which the nodes of ͑r,͒ are a constant in time. In the û direction
where plane waves in each infinitesimal slice ␦u propagate in the Ϯû direction through an index of refraction
͑7͒
These waves change phase by ␦ϭ(/c)(u)␦u with propagation in the continuous medium and are reflected at the discontinuities of (u). Figure 4 shows these reflection points for a given M . Note that u 1 and u 2 are metal-type reflections while u 0 is a dielectric-type reflection. A stationary solution in u will require a round trip phase change N2, Nϭ1,2,3,..., between u 1 and u 0 . For u 1 to exist M ϽM max ϭ2Rn eff / must be satisfied and, hence, the maximum allowed M is limited since is restricted to the active region emission linewidth. At u 0 the phase change depends on phase response from the combined dielectricand metal-type reflections that occur at u 0 , the segment ⌫, and u 2 . Also, it depends on the polarization since, for the TM ͑TE͒ slab resonances, TE ͑TM͒ reflections at the edge,
If these reflections are in phase, then high reflectivity results and a quasiconfined stationary resonance exists. The contribution from the virtual reflection point u 2 is essential for this calculation. Ignoring u 2 and with k complex any frequency may be associated with a stationary state as long as a finite loss is assumed. In other words, neglecting u 2 leads to a monotonic functional dependence between frequency and loss ͑consequently a broad spectrum M ,N ͑␣͒ for each resonance͒. However, the requirement on round-trip phase and constructive reflection at the u 0 -⌫ -u 2 mirror combination result in two equations involving ␣ and for a given M and N. A quasiconfined stationary resonance M with round-trip phase N2 has a center frequency M ,N and loss ␣ M ,N . The energy in a given quasiconfined state is given by
with a time decay given by
We note that when u 2 does not exist ͑M ϽM min ϭ2R/͒ broad stationary ͑but not quasiconfined͒ states are allowed since photons leaving the disk only experience a relatively low reflectivity dielectric interface in a situation physically analogous to below critical angle c incidence. We expect, therefore, sharp spectral lines with high cavity Q to occur within the broad range of nonquasiconfined spontaneous emission. Figure 5 shows measured spectra for a microdisk with Rϭ0.8 m and Lϭ0.18 m. We assume the medium has an average refractive index nϭ3.456ϩ0.333͑បϪ0.74 eV͒. 4 Emission peaks at 5,1 ϭ1542 nm and 4,1 ϭ1690 nm are observed in a spontaneous emission background ranging from ϭ1300 nm to ϭ1800 nm. To obtain the spectra for this structure we fit the calculated effective index dispersion n eff ϭn eff TE ϭ1.494ϩ1.427 ប. We have neglected TM emission since n eff TM is too small to allow resonances within the spontaneous emission range. For this n eff and the wavelength range of interest, we find for quasiconfined optical resonances that M is limited to 3ϽM Ͻ13. the measured resonances shown in Fig. 5 
The highest Q resonance in this range ͑6,1͒ is not seen in the spectra because, in contrast to our optically transparent dielectric disk model, the semiconductor disk is strongly absorbing at this wavelength. M ϭ7,8,9 with higher Q are not depicted because for these resonances Ͻ1300 nm. We consider remarkable that the above model, which describes resonances in an optically transparent medium agrees so well with the experimental results. Even better agreement is possible by including effects due to the presence of the active semiconductor medium. For example, suppression of resonance ͑6,1͒ will naturally evolve from such an approach.
MODEL FOR GAIN AND LOSS
Any model of microdisk lasers must include the effects of semiconductor optical gain and loss. Because electron scattering rates, band gap renormalization, gain bandwidth, and inverse photon lifetime can all have a similar energy scale, it is necessary to consider the impact of each process on laser performance. An ultimate objective is the development of a self-consistent theory that describes the complete interacting photon-electron system. While significant progress has been made in this direction, 11 at present we chose an approach that is unencumbered by such additional complexity.
We start by considering electrons in thermal equilibrium at temperature T and distributed according to the Fermi functions f c (k) and f v (k) for the conduction and valence bands, respectively. Following Chuang et al., 12 the spontaneous emission rate, or the number of emitted photons per second per unit volume per unity energy interval, is given by
at a photon energy ប, where N͑ប͒ is the electromagnetic modal density, g sp ͑͒ is conveniently defined to have the same dimensions. ͑1/cm͒ as gain and c/n g is the group velocity for light in the material. For a bulk semiconductor spontaneous emission may be written
where ␥ k is the electron scattering induced linewidth, E cv (k) is the energy separation between a conduction band electron and a valence band hole assuming k-selection rules,
, and P is Kane's parameter. 13 We now calculate optical gain g opt ͑͒ from the spontaneous emission spectrum using the expression
where ⌬ϭE g ϩ n Ϫ p is the separation between electron and hole chemical potential, n and p , respectively, and ␤ϭ1/k B T where k B is Boltzmann's constant. Carrier induced band-gap shrinkage is included via E g ϭE g 0 Ϫn 1/3 where ϭ2.2ϫ10
Ϫ5 meV cm and E g 0 ϭ0.75 eV is the unrenormalized room temperature band gap for In 0.53 Ga 0.47 As. 15 Clearly our gain model preserves the simplicity of the density-matrix formulation and satisfies the important thermodynamic requirement that the optical transparency energy occurs at the difference of electron and hole chemical potential, ⌬.
The variation in electron scattering with temperature and carrier density may be illustrated by considering the inelastic scattering rate, 1/ c (E)ϭ2␥ k /ប, for a central ⌫-valley conduction band electron of initial kinetic energy E and wave vector k. Electrons may scatter inelastically, changing kinetic energy by ប and changing momentum by q. Scattering rates may be calculated within the random phase approximation using a method ͑see, e.g., Ref. 16͒ that relates the electron self-energy to the dielectric response of the semiconductor. Within this formalism, the dielectric response function for a conduction band electron is
where ⑀ ϱ is the high frequency dielectric constant, LO is the longitudinal optic phonon frequency, TO is the transverse optic phonon frequency, ␥ is a collision broadening term, and n ͑q,͒ is the contribution from n conduction band electrons. In this case the inelastic scattering rate, 1/ n , is calculated using
where the Fermi function f (E) ϭ 1/(e (EϪ n )/k B T ϩ 1) and the Bose function g(E) ϭ 1/(e E/k B T Ϫ 1). Figure 7 shows 1/ c for bulk In 0.53 Ga 0.47 As with a carrier density nϭ1ϫ10 18 cm
Ϫ3
for the indicated temperatures. At room temperature ͑Tϭ300 K͒ and in the energy range of interest ͑Eϳ50 meV͒ we find the scattering rate is relatively energy insensitive with 1/ c ϳ10 ps
Ϫ1
. To illustrate the temperature sensitivity of 1/ c , Fig. 8 density n. For nϭ10 18 cm Ϫ3 the overall scattering rate and its temperature dependence is weak due to electron screening and the fact that the Fermi energy E F ͑Tϭ0 K͒уk B T at the temperature range of interest.
The preceding refers to electrons interacting with longitudinal optical phonons and other electrons in the conduction band. However, there is also a temperature dependent contribution to 1/ c from conduction band electrons scattering off holes in the valence band that adds a term v ͑q,͒ to ⑀͑q,͒. 17 For Tϭ300 K and Eϳ50 meV, this gives a similar contribution so that the total scattering rate for conduction band electrons is 1/ c total ϳ20 ps
. In addition, there is a contribution to the total line broadening due to the selfenergy of holes in the valence band. Associated with this self-energy is a lifetime v total so that 2␥ k ϭប(1/ c total ϩ1/ v total ). Because the devices of interest operate with nХpХ10 18 -10 19 cm Ϫ3 at temperature Tϭ300 K, we may approximate 1/␥ k by a constant electron scattering induced broadening factor with 1/␥ k ϳ60 meV at room temperature. In Fig. 9 we show the calculated optical gain spectrum for nϭ1ϫ10 17 cm Ϫ3 to nϭ1ϫ10 19 cm Ϫ3 and using 1/␥ k ϳ60 meV.
COMPARISON OF EXPERIMENT AND CALCULATION
We introduce gain into our model of the microdisk by assuming a change in optical intensity
to occur in the circular motion of a resonance. Here
represents a radial average for the energy maxima position of a given resonance, where F(r) is the radial part of ͑r,͒. This approach is a good approximation for resonances Nϭ1 with a narrow single intensity maxima near radial position ⌫ M ,1 R close to the disk's edge. The energy decay in the cavity is now corrected by
where the new quality factor is given by Figure 10 shows the calculated g opt at the wavelengths corresponding to resonances ͑4,1͒, ͑5,1͒, and ͑6,1͒. Analysis of optical resonances based on fixed wavelength gain curves assumes that no change in resonance wavelength occurs due to changes in refractive index with carrier injection. To verify this approximation we have estimated the change in index of refraction from the calculated gain spectrum according to Henry et al.
18 Figure 11 shows the calculated change in index of refraction for nϭ5ϫ10 18 cm Ϫ3 and nϭ8ϫ10
cm
Ϫ3
. After including these changes in refractive index we have recalculated the resonances in the disk and found no significant change ͑less than 1%͒. This agrees with the observed absence of changes in resonance position when these lasers are pumped under a wide range of carrier concentrations as shown in Fig. 5 . Moreover, it explains the good agreement between calculated spectral position for the transparent disk and experimental results.
In Fig. 10, following lasing and the optical confinement factor for the structure. It is interesting to consider the behavior of the other two resonances at this carrier density. Associated with resonances ͑6,1͒ and ͑4,1͒ is g opt ϭϪ15 000 cm Ϫ1 and g opt ϭ800 cm
Ϫ1
, respectively. Resonance ͑6,1͒ has photon energy EϾ⌬ and negative gain, i.e., absorption, causing a dramatic reduction in Q from Q 6,1 ϭ400 to Q 6,1 ϭ3. On the other hand, resonance ͑4,1͒, has positive gain since it occurs on the long wavelength side of the lasing emission. The effect of this is to increase Q from Q 4,1 ϭ12 to Q 4,1 ϭ20. Overall, we expect resonance ͑6,1͒ to be very lossy with an approximately 440-nm-wide spectral line and resonance ͑4,1͒ with it's higher finesse will have a narrower linewidth of about 84 nm. Qualitatively this explains the suppression of resonance ͑6,1͒ and the presence of the narrow peak for resonance ͑4,1͒.
To calculate the spectrum and the emission power dependence on pump level, we have to solve the dynamic equations describing device operation. A prerequisite is evaluating the total spontaneous emission rate ͑R sp total ͒ and the spontaneous emission coupling coefficient ͑␥͒ to resonances. To avoid confusion we define a mode as the exact solution of the lossless eigenvalue-eigenvector problem and a resonance as the finite linewidth standing wave of a practical lossy structure. As a starting point we calculate the total radiative recombination rate for a given carrier density n using
where N BB (E) is the black-body radiation interacting with the laser medium. The use of the black-body radiation density of states is only valid if most of the spontaneous emission couples into very lossy resonances or free-modes. We obtain a value R sp total (n)Ϸ9ϫ10
No other recombination processes or leakage factors were included in this calculation so that the value of R sp total represents a lower bound. Figure 12͑a͒ shows the measured P out vs P ex plot for the microdisk. This curve can be fit by using the above value for R sp total , varying ␥, and changing the scale in the axis to fit the measured plot below and above threshold. The crosses in Fig. 12͑a͒ show our best fit to the experimental data that is obtained when ␥ 5,1 ϭ0.045. This reasonably small value justifies our use of N BB (E), however, we note that for cavities with significantly higher coupling one should use the density of states N(E) that includes free modes and all resonances.
It is somewhat difficult to establish a value for ␥ directly from a model of the microdisk cavity properties. Chu and Ho have shown that ␥ for cylindrical cross-section ring lasers is strongly influenced by geometrical properties. 19 We also expect ␥ for microdisk lasers to depend on resonant cavity properties. To study this problem, in principle one requires a complete, self-consistent description of all resonances. This includes the calculated two-dimensional resonances ͑quasi and nonquasiconfined states͒ and 3D confined and freemodes. This knowledge may then be applied to dynamic equations to obtain the relative intensity and linewidth of the resonances of interest and the spontaneous emission background. For a simple cavity geometry such as in a conventional edge-emitting laser, the modes are all described by resonances with two polarizations and propagation vector 20 Also, it is important to realize that typically the resonances in such a laser are lossy and, hence, the eigenvalues are complex with a frequency broadening ⌬Ϸ/Q. However, for large cavities defined by mirrors with reflectivity R such that Q J,K,L рϪ4L/ ln(R), the resonance broadening is much narrower than the mode separation. In this situation the energy summation over modes to obtain N(E) is justified. The question of how to deal with free modes is a more complicated issue since the k-space volume of a free mode depends on boundary conditions external to the cavity. One approach to resolve this issue is to assume a black-body distribution for the free modes of the laser that are in thermal equilibrium with their surroundings. If true, one then may evaluate the overlap integral between the calculated free-mode solid angle distribution and the lossy resonance k directions with associated broadening, ⌬k. Here, we assume that the lossy eigenvector problem results in nonzero linewidth eigenvalues. In this case a broadening in k caused by the loss results in a broadening of the resonance spatial distribution. This spatial integral multiplied by the result obtained with energy summation represents the amount of spontaneous emission that could actually couple into resonant modes. For a large rectangular cavity this overlap will asymptotically approach unity and, hence, the free-mode correction becomes negligible.
The same approach may be applied to the microdisk laser. This requires a complete three-dimensional model for free modes and resonances for which part of the free-mode emission out of the disk's plane does not couple into resonances. Also, our solution for the two-dimensional problem involves resonances with higher, resonance-dependent, Q's ͑resonance broadening narrower than resonance intervals͒, plus the resonance distribution is not dense enough to allow a continuum approximation. This means that the number of modes in a given energy range cannot be obtained by an integral in k space nor can it be obtained by simply counting modes, since each mode is not equally broadened in frequency. As a first step we propose a normalized Lorentzian distribution for each mode
that results in a mode count 1 when integrated over the entire spectrum. The total number of resonant modes in the frequency interval ⌬ M ,N around resonance frequency M ,N is then
where the factor 2 accounts for the degeneracy M ϭϮ͉M͉.
For the practical case we are considering, resonances ͑4,1͒, ͑5,1͒, and ͑6,1͒ all have high Q and linewidth narrower than their frequency separation, however, all the other resonances are wider and their contribution is approximately
The free-modes in the plane, M ϭ0, may be treated similarly, as they correspond to a continuum distribution in with a line broadening given by the blackbody distribution for the system. This distribution is much wider than the spontaneous emission, and considering the normalization for mode counting in the frequency domain, it results in a very small contribution. Using this approach we obtain the fraction ␥ of total spontaneous emission that couples into resonances ͑4,1͒, ͑5,1͒, and ͑6,1͒ is ␥ϭ0.122, ␥ϭ0.240, and ␥ϭ0.125, respectively. These numbers are unpredictably large because we have not included 3D free modes. If we consider that only emission inside a cone with incidence angle smaller than the critical angle for a given n eff will leave the disk, we obtain the maximum 3D free-mode spatial coupling of 0.93. This correction factor results in ␥ much higher than obtained by our fitting procedure and would lead to a thresholdless behavior for the laser. Alternatively, if one considers an angular broadening given by
where k p is the planar component of the lossy wave vector, we obtain what we believe is the minimal contribution from spontaneous emission ␥ 4,1 ϭ0.0200, ␥ 5,1 ϭ0.0027, and ␥ 5,1 ϭ0.0002. The dotted line in Fig. 12͑a͒ shows the calculated P out vs P ex with these values of ␥. In order to obtain a more accurate value for ␥ several other factors should be included in the calculation. For instance, photon recirculation and light piping through the pedestal are likely to occur. Photon recirculation results from high energy photons that get reabsorbed before leaving the disk. Because the path of in-plane confined emission is much longer than emission within the cone, recirculation is much more relevant for confined emission, thereby reducing the value of ␥. Light piping occurs because the critical angle for the interface disk pedestal is much larger widening the off-plane emission. Again this should reduce ␥. Besides geometrical arguments, carrier dynamics and fundamental spontaneous emission processes must be considered. In the first case, carrier diffusion may exist due to spatial separation of resonance and pumped active region given the nature of the WGM profile. 3 In the second case, a complete model of spontaneous emission should be able to accurately deal with the limit of R→0 in the presence of realistic boundary conditions. We are currently working towards a better understanding of these issues.
To calculate the spectrum we have used the lower bound value for ␥, a pump wavelength of 0.85 m with a 56% photon injection efficiency in the disk. Fig. 12͑b͒ shows a log plot of P out vs P ex for resonances ͑4,1͒, ͑5,1͒, and ͑6,1͒. Below threshold resonance ͑4,1͒ has the highest power due to the greater contribution from spontaneous emission. At P ex ϭ0.072 mW resonance ͑5,1͒ starts lasing, clamping the carrier density at n th Ϸ6.78ϫ10
18 cm
Ϫ3
. A large discrepancy in threshold power as compared to the experimental result in Fig. 12͑a͒ is a consequence of an overestimated pump efficiency and the absence of nonradiative processes and/or scattering losses in the model. To this we add the calculated spontaneous emission power obtained at the clamped carrier density value. The spontaneous emission power output is given by P sp ()ϭR sp nϭn eff () ϫ(V⌬)ប where ⌬ accounts for a 5 nm spectral resolution around . Figure 13 shows the calculated spectrum at P ex ϭ0.08 mW with the spontaneous emission reduced by a factor 4 to account for limitations in the detection optical system. The observed absence of mode ͑6,1͒, the relationship between resonance ͑4,1͒, ͑5,1͒, and the shape of the spectrum background show good agreement with the experimental data. Our approach to modeling microdisk lasers includes the most important aspects of the physics determining device behavior. However, it is possible to construct improved but necessarily more complex models. An exact numerical calculation of the three-dimensional problem would allow a better estimate of the cavity Q. The antenna emission of such a system could give us a better description of the free-space distribution. Finally photon reabsorption and photon recirculation would have to be included to renormalize the spectral dependent carrier generation rate. Finally, we believe the narrowing of resonance ͑4,1͒ depends critically on the gain curve for energies between laser wavelength and band gap. In this region a better determination of the intraband relaxation time and its effect on renormalizing the electron band structure may be necessary to describe the available gain above threshold in this spectrally narrow transparent region.
SUMMARY
In summary, conformal mapping used to determine the radial and azimuthal eigenvalues and eigenvectors of leaky optical resonances present in dielectric microdisks appears to apply equally well to semiconductor microdisk lasers. A quantitative model to account for the presence of gain and loss in the microdisk describes reasonably well the dynamic dependence of output power and pump power, as well as the measured laser spectrum.
